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 Max-Born Interpretation of Wave Functions
In 1926, a German physicist Max Born formulated a rule which is generally called as the Born law 

or Born's rule of quantum mechanics, giving the probability that a measurement on a quantum system will 
yield a given result. In other words, it states that the probability density of finding the particle at a given point 
is proportional to the square of the magnitude of the particle's wavefunction at that point. The Max-Born 
interpretation is one of the key concepts of quantum mechanics to understand wave-particle duality. 

Let us suppose that the particle under consideration is an electron whose way of existence is 
represented by a mathematical expression ψ which is a function of the electron’s coordinates i.e. x, y, and z. 
Max Born actually suggested that because this mathematical expression is single-valued, continuous and finite 
i.e. wave-like; one can opt the same route to find it’s intensity as we use in case of light or sound waves. In the 
case of light or sound waves, the intensity at any point can simply be obtained by squaring the amplitude i.e. 
ψ of the wave at the same point. Therefore, in the case of the electron, the square of the amplitude of electron 
wave (ψ2) at a particular point also gives the intensity of the electron wave at the same point. In other words, 
the density of electron wave (probability density) at a point for a quantum mechanical state is simply obtained 
by the square of the magnitude of the corresponding wavefunction at the same point. Mathematically, we can 
show this as: 

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 = |𝜓|2 = 𝜓𝜓∗ (29) 

Where ψ* designates a complex conjugate of the wave function ψ. The reason for using ψ* lies in the fact that 
the wave function representing a quantum mechanical state is not always real but be imaginary as well. 
However, as the probability density should always be real, ψψ* is more appropriate than simple ψ2. In other 
words, if the wave function defining the quantum mechanical state is real, we can use ψ2 as the probability 
density; nevertheless, if the wave function does contain the imaginary part (like ψ = a + ib), ψψ* must be used 
to yield real values. This can be explained by taking an imaginary expression ψ and then multiplying it by its 
complex conjugate ψ* to yield real value. 

𝜓 = 𝑎 + 𝑖𝑏;  𝜓∗ = 𝑎 − 𝑖𝑏 (30) 

or 

𝜓𝜓∗ = (𝑎 + 𝑖𝑏)  ×  (𝑎 − 𝑖𝑏) (31) 

or 

𝜓𝜓∗ = 𝑎2 + 𝑏2 (32) 

Moreover, if ψ is real, ψ = ψ*, ψψ* becomes ψ2, the value we have already discussed. 

Now though the probability density in space is not a constant parameter (ψ is not constant), in a very 
small segment it can be considered constant. Now let us discuss the Max-Born interpretation for one, two and 
three dimensional systems. 
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 One Dimensional Systems 

               The probability of finding the particle in any one-dimensional system in the region from x to x+dx 
must be obtained by integrating ψ2 from x to x+dx i.e. by finding the area under the curve from x to x+dx. 

               Now although the ψ2 or ψψ* (because ψ is continuous) varies continuously with x, the decrease or 
increase in ψ2 can be neglected and it can be assumed that it remains constant as we move from x to x+dx. 

 

Figure 3. Born interpretation of wave function and probability density in a one-dimensional system. 

 

Therefore, the area of the shaded region and hence the probability of finding the particle can be obtained just 
by multiplying the length (or height i.e. ψ2) with the width (dx) of the narrow rectangle. Thus we can say that 

 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 = |𝜓|2 × (𝑑𝑥) = 𝜓𝜓∗𝑑𝑥 = 𝜓2𝑑𝑥 (33) 

Since the chances of finding the particle over whole length (whole configurational space) must be unity, we 
get the following 

 
∮|𝜓|2 × (𝑑𝑥) = ∮𝜓𝜓∗𝑑𝑥 =∮𝜓2𝑑𝑥 (34) 

 Two Dimensional Systems 

               The probability of finding the particle in an area element dx dy (dA), situated at a distance r distance 
from the center, would be ψ (x, y) × ψ* (x, y) × dx × dy; or in short can be written as ψψ*dA. Hence, it must be 
obtained by integrating ψ2 from (x, y) to (x+dx, y+dy) i.e. by finding the area under the curve dA. Now although 
the ψ2 or ψψ* (because ψ is continuous) varies continuously with coordinates (x y), the decrease or increase in 
ψ2 can be neglected and it can be assumed that it remains constant as we move from (x, y) to (x+dx, y+dy). 

               Therefore, the area of the shaded region and hence the probability of finding the particle can be 
obtained just by multiplying the magnitude of the wave function (ψ2) with the area (dA) of the area element. 
Thus we can say that 
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 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 = |𝜓|2 × (𝑑𝐴) = 𝜓𝜓∗𝑑𝐴 = 𝜓2𝑑𝐴 (35) 

Since the chances of finding the particle over the whole area (whole configurational space) must be unity, we 
get the following 

 
∮|𝜓|2 × (𝑑𝐴) = ∮𝜓𝜓∗𝑑𝐴 =∮𝜓2𝑑𝐴 (36) 

The pictorial representation of the area element is given below. 

 

Figure 2. Born interpretation of wave function and probability density in two dimensional systems. 

 

 Three Dimensional System 

               The probability of finding the particle in a volume element dx dy dz (dV), situated at a distance r 
distance from the center, would be ψ (x, y, z) × ψ* (x, y, z) × dx × dy× dz; or in short can be written as ψψ*dV. 
must be obtained by integrating ψ2 from (x, y, z) to (x+dx, y+dy, z+dz) i.e. by finding the area under the curve 
from (x, y, z) to (x+dx, y+dy, z+dz). Now although the ψ2 or ψψ* (because ψ is continuous) varies continuously 
with coordinates (x, y, z), the decrease or increase in ψ2 can neglected and it can be assumed that it remains 
constant as we move from (x, y, z) to (x+dx, y+dy, z+dz). 

               Therefore, the probability of finding the particle can be obtained just by multiplying the magnitude 
of the wave function (ψ2) with the volume (dV) of the area element. Thus we can say that 

 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 = |𝜓|2 × (𝑑𝑉) = 𝜓𝜓∗𝑑𝑉 = 𝜓2𝑑𝑉 (35) 

Since the chances of finding the particle over the whole area (whole configurational space) must be unity, we 
get the following 

 
∮|𝜓|2 × (𝑑𝑉) = ∮𝜓𝜓∗𝑑𝑉 =∮𝜓2𝑑𝑉 (36) 

The pictorial representation of the area element is given below. 
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Figure 3. Born interpretation of wave function and probability density in three dimensional systems. 
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