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* Quantum Mechanical Operators and Their Commutation Relations

An operator may be simply defined as a mathematical procedure or instruction which is carried out

over a function to yield another function.
(Operator) . (Function) = (Another function) (67)

The function used on the left-hand side of the equation (67) is called as the operand i.e. the function
over which the operation is actually carried out. The operator alone has no significance but when operated over
a certain mathematical description, these operators can provide very detailed insights into those functions.
Some of the simple illustrations of equation (67) are given below.

i) Consider the differential operator d/dx whose operation has to be studied over the function y = x°. The
mathematical treatment is

dy _d 4 (68)
a—ax = 5x

The operation of d/dx on y means that the rate of change of function y w.r.t. the variable x. The expression x°
is the operand while the 5x* is the final result of our differential operator.

i) Consider the integral operator [ (y) dx whose operation has to be studied over the function y = x°. The
mathematical treatment is

6 69
[ yan = [ w00 =% ()

The operation of [dx on y means that we can find the function whose derivative is x°. The expression x° is the
operand while the x%/6 is the final result of our integral operator.

In a similar way, the multiplication of a function by a constant number, or taking the square and cube
roots of any function are also the operators which give some other function after operating them over the
operand. The symbol of the operator typically carries a cap over it (A) which differentiates it from the function
used in the whole procedure.
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» Algebra of Operators

Just like the normal algebra, the resultants like addition or the multiplication of operators also follow
certain rules; however, these rules are different from the typical algebra. Some of the most important rules of
operator algebra are given below.

1. Addition and subtraction of operators: Let A and B as two different operators; f as the function that has
to be used as the operand. Then, the addition and subtraction of these two operators must be carried out in the
manner discussed below.

(A+B)f = Af + Bf (70)
and
(A-B)f = Af - Bf (71)

2. Multiplication of operators: If A and-B as two different operators; and f as the function that has to be used

as operand. Then, the multiplication of these two operators must be carried out in the manner discussed below.
ARf = £/ (72)

The interpretation of the-above-equation is-that-first-we need-to-operate-B-onf,-which would give us another
function /7, which in turn is further used as the operand for operator giving the final result f”. In other words,
we can say that when multiplication. of two. or, more. operators: is used, - we should follow from left to right.
Moreover, the square or cube of a particular operator must:be considered as double or triple multiplication of

the operator itself; mathematically,-it-can-be-shown-as-given-below:
A%F =AAf (73)

At this point it also very important to discuss onerof the most fundamental properties of operator
multiplication, the commutation relation orthe commutation rule..Consider two operators, A and B which can

be operated over the function f.

L d 74
A:E; B=x; f=x8 (74)

Now
N 75
ABf = d—x(x3) = d—x4 = 4x3 (75)

And
~n d 6
BAf = xa(xg’) = x(3x?%) = 3x3 (76)

From equation (75) and (76), it the clear that in this case
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ABf + BAf (77)
These operators are said to be non-commutating with the commutator given below.
AB — BA = 4x3 — 3x3 (78)

However, the two operators are said to be commute if their result is the same even after reverting their order
of application. Mathematically, it can be stated as given by equation (79).

ABf = BAf (79)
This is quite different from the normal algebra in which the product of two numbers is always the same

irrespective of the order of multiplication (x.y = y.x). Summarizing the commutation rule, it can be concluded
that

[4,B] = 48— BA = 0 —> Commutating (80)
and
[4, Bl =AB = BA #0 = Non-commutating (81)

3. Linear Operator: An operator A is said to be a linear operator ifits application on the sum of two functions
fand g gives the same result as the sum of'its individual operations. Mathematically, it can be shown as given

below.
AL+ g) =Af +4g (82)
For example, consider the differential operator A; with fand g-as the functions which have to be used as the
operand.
N d
A=l =2t _g=rir? ®
or
. d d (84)
A =—(2x2 H=—("BxH)=1
(f+9) dx(x + 3x°) dx(5x) 0x
or
(85)

N " d 5 d 5
Af+Ag=a(2x )+a(3x ) =4x + 6x = 10x

Hence, from equation (84) and equation (85), it is clear that the differential operator is clearly linear
in nature. On the other hand, the “square root” operator is not linear as it does not give the same result when

operated individually.
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» Some Important Quantum Mechanical Operators

One of the most basic and very popular operators in quantum mechanics is the Laplacian operator,
typically symbolized as V2, and is given by the following expression.

92 9% 02 (86)

V2= — p— —
6x2+6y2+622

The popular form of the Schrodinger equation can be written in terms of Laplacian operator as well.

0%y 9%y 9% 8mPm (87)
oz Tz Yozt E- V=0
or
82 (88)

2 Tm

The Laplacian operator is pronounced as:‘“‘del squared”. This operater is also a part of the “mighty”
Hamiltonian operator which forms the basis-for value evaluation for other operators, as we have already
discussed in the postulates of quantummechanics. The Hamiltonian operator is typically symbolized as H and
is given by the following expression.

" h? (az 92 az> (89)
g 4V

I PR RS
or
= h?2 90
H=———V U 0
8mr4m

The popular form of the Schrodinger equation-is written in terms of the Hamiltonian operator as well.
HyY = EY 1)

or

h? (9% 9% 02 (92)
“BnZm\ox? T ay? o2 TV |V T EY

or

93)

8m2m

h2
< V2+V>l,b=Ez,b

Furthermore, we know from the third postulate of quantum mechanics that owing to the constant value of E

(eigenvalue) the wave function y can be labeled as eigenfunction.
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Therefore, the Schrodinger equation is also called as the “eigen value equation”. Simplifying this, we can say

that
(Energy operator)(Wave function) = (Energy)(Wave function) (94)

The equation (94) is applicable to observables in the quantum mechanical world.

For three dimensional systems, like the Hamiltonian, the operator can be obtained by summing the
individual operators along three different axes. For instance, some important three-dimensional operators are:

. —h%? (9% 9% 02 (95)
T= t——+
8m2m\odx? dy? 0z2
A_h(6+6+6) (96)
P = 2ni\ox Jy 0z

The list of various important quantum mechanical ,operators in one dimension, along with their mode of

operation is given below.

Table 2. Name and symbols of various important physical properties and their corresponding quantum
mechanical operators.

Physical property Operator
Name Symbol Symbol Operation
Position X X Multiplication by x
Position squared 5 %2 Multiplication by x?
Position cubed X e Multiplication by x*
Momentum D« Dy h 0
2mi 0x
Momentum squared i pZ —h? 92
412 0x?
Kinetic energy . p? T, —h? 092
" 2m 8m2m dx?
Potential energy V(x) V(x) Multiplication by V(x)
Total ener E=T+V(x H —h? 092
gy (x) 9 v
8m?m dx?
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Besides the record of different operators presented in ‘Table 2’, there still many operators which are
extremely important like angular momentum, parity, or the step-up—step-down operators. The discussion of
every operator is beyond the scope of this book; however, a brief discussion of the essential operators in

quantum mechanics is given below.

1. Angular momentum operator: In order to understand the angular momentum operator in the quantum
mechanical world, we first need to understand the classical mechanics of one particle angular momentum. Let

us consider a particle of mass m which moves within a cartesian coordinate system with a position vector “7”.

Hence, we can say that
r=ix+jy+kz (97)

The coordinates x. y and z are the functions of time, and therefore, we can define the velocity as the time
derivative of the position vector as given below.

v=%=i%+]i—¥+k% %)
or
v=v,+v,+v, (99)
Now, since we that p = mv, we can say that
Dx = MUy, " Dy S MVy,; =~ p, = MU, (100)

The angular momentum of a particle with mass m and distance 7 from the origin is given by the following

relation.
A
4)
13
Figure 6. The angular momentum vector.
L=8xmx7# (101)
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L=px7 (102)

Equation (102) can also be written in the form of a matrix as:

i j k (103)
L=1x y Z
DPx Dy Dz
Ly =yp, —2zpy; Ly = zpy — XD Ly = XDy — YPx (104)

Where i, j, k are the unit vectors along x, y, z axis and Ly, L,, L. are the component of angular momentum along
X, y, z axis. Moreover, it is also worthy to note that the angular momentum vector is always perpendicular to
the direction of the position vector of the particle i.e. the plane in which the particle is moving.

Now since the mathematical nature of any quantum mechanical operator is dependent upon the
classical expression of the same observable, the angular momentum is not any exception. The quantum
mechanical operator for angular momentum is given below.

JRN —iﬁ(r X V).==ih(r XV) (105)
21

The angular momentum can be divided into two categories; one is orbital angular momentum (due to the orbital
motion of the particle) and the otheris'spin angular momentum (due to spin motion of the particle). Moreover,
being a vector quantity, the operator of angular momentum can also be resolved along different axes.

L="Ly+Ly+L, (106)
And we know that
. _(h a) (h 6)_h(8 8) (107)
x = YPz = 2Py =V 597/ A 2mi dyl-~ 2mi rr Zay
or
. _(h a) (h a>_h(6 6) (108)
y = ZPx —XPz = Z 21Ti 0x X 2midz)  2mi Zax va
or
. _(h a) (h 6>_h<6 a> (109)
2 = Xy T VP = X\omiay) T Y Cniox) T 2mi\Y oy~ Y ox
- lbh ) bl
=2 1\Y 3z Zay Zox Yoz xay 0x

It is also worthy to recall that equation (107) to (110) can also be reported in terms of h; or by multiplying and
dividing by 7, or both.
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2. Ladder operator: These operators are also called as step-up—step-down or rising-lowering operators. The
reason for such terminology lies in the fact that these operators can increase or decrease the eigenvalues.
Moreover, it should also be noted that this increase or decrease is always quantized in nature.

Je =T+ iy (111)
and

Je =T =iy (112)
The equation (111) and (112) represent the step-up and step-down operators respectively. These operators can
be used to increase or decrease the eigen values.

» Operator Evaluation

The operator evaluation simply means that-we need to find the result by applying the operator over a

given function. Some general examples are given-below,

i) (d/dx) (x°): In this case d/dx is the Operator'while the functionx?® is the ‘operand.

-d—x5 = 5x4 (113)
dx

ii) [(°): In this case, [ is the operator while the function x>is the operand.

fo My (114)

iii) (d*/d*) (ASine 2mvt): In this particular case, (d*/dt*)is the operator while the function (A Sin 2nvf) is the
operand.

Let the function is symbolized by y. Then, we have

y=-A.Sin 2nvt (115)
Differentiating with respect to ¢, we get
d 116
—y=A2m/ Cos 2mvt (116)
dt
Differentiating again
d2 117
Y _ _ A 4n?v? Sin 2mvt (17
dt?

The operator evaluation is frequently used as a part of the commutator calculation and will be

discussed in detail in this chapter.
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» Calculation of Resultant Operator

Sometimes the operator is simplified to another form which is easy to apply over a function. This
resultant operator is obtained by the rules of operator algebra. For instance, consider the following cases.

i) Find the resultant expression for the following operator

d \ (118)
(%)
In order to find the resultant operator, suppose a function y(x) which is used as an operand, then we can say
(&) =G ) "
dx V= dx ) \ax ™ v
or
G ) ) -
dxr e dx " dxxd}
or
(d )2 _(d )( dzp+ dx) (121)
dx N dx )\ d lpdx
T a'rh dy (122)
i N Y
(dx x) dx <X s xl/’)
d%\ A2 dy dip dx (123)
& ) RNy Ml whminkin S i
<dx x) v [x o U] fy [x dx l/)dx]
d % a2 dy -y (124)
— =2 L -
<dxx) VR gt gt Y
d \? , d? . (125)
(@) v=|2 g+ gy
Removing y from both sides, we get
(d )2_ 4, d (126)
dx) T a2 T 7
ii) Find the resultant expression for the following operator
d\ d (127)
P
In order to find the resultant operator, suppose a function y(x) which is used as operand, then we can say that
, — DALAL
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dydy. d \ dip (128)
(+ )zl =+ )
d\ d dy  d%P
|+ )l v =g * 2
Removing y from both sides, we get
(e )L a @ (129)
x dx dx_xdx dx?

iii) Find the resultant expression for the following operator

d 2 (130)
(dx * x)

In order to find the resultant operator, suppose a function y(x) which is used as operand, then we can say that
(%) 1)) “3”
dx+x 1/J_[dx dx+x]lp
G2 [ G E Ty "

ALY TNES T TP
(e O SR =
2 WV aaiginshbute.eqnt <y
d 2 dzz,b d¢ dy / (134)
[<a+x> ]w—d s 1,[}— xa+x¢
d 3 d?y dyp -~ (135)
[(E—HC) ]1/) —d—+2x—+x Y+y

Removing v from both sides, we get

(d+>2—d2+2 4 bt (139
dx ) Tae T T ax "

iv) Find the resultant expression for the following operator

() (- ) Y

In order to find the resultant operator, suppose a function y(x) which is used as operand, then we can say that
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[( jx)(x——)]z/) (x+d)(x¢_d_¢> (138)

(R PERRRE B

dx dx = dx dx?
oo D Doty
(B lo-rons32

142
" (142)

[( dx)(x__]‘l’ [ dx dx2

Removing y from both sides, we get

d d Ay d? (143)
(B g =2 ¥

The resultant operator calculation is frequently used as a part of the commutator calculation and will

be discussed in detail in this chapter.
» Commutation Relations of Various Quantum Mechanical Operators

As we have discussed previously that one of the most fundamental properties of operator
multiplication is the commutation relation or the commutation rule. two.operators, A and B, are said to be

commutating or non-commutating depending upon the value of their commutator.
[4,8] =/AB.— BA =0 - Commutating (144)
l?] AB—BA # 0 - Non-commutating (145)

The physical significance of the commutation relations is that when two operators commute, it means they are
having a simultaneous set of eigenfunctions; and their corresponding physical properties can be calculated
simultaneously and accurately. However, if the commutator is non-zero, the respective physical properties
cannot be obtained simultaneously and accurately. Some important commutation relations are given below.

1. Commutators of some simple operators:

i) Calculate the commutator of the following

[ ] (146)
"dx

Let it be operated over a function y. We have
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o= oo
koo
.
)

ii) Calculate the commutator of the following

s

Let it be operated over a function . We have

[y.:—x]w =y f—xw—j—xw

d S dy dy
ly'dx]l’b ke gpmy £51-980%
v Ul
2 dx Y
iii) Calculate the commutator of the following
gl g4
dx-dx?
Let it be operated over a function y. We have

d d2] dd> d*d
dx’ dx? l’b_dxdlep dx? dx

or

d d>?
dx’ dx?

Ay By

T dx3  dx3

d d* ] .
dx’ dx? v=
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2. Commutators of position and linear momentum operators:

i) Find the commutator of the following

[%, D] (159)
Let it be operated over a function y. We have
(£, 0] =20 Y —Px % Y (160)
R h 0 h 0 (161)
BPe ¥ = oniax ¥ " 2niox ¥
o h oy h oY h  Ox (162)
P = o™ ox " 2mi ox T2V oz
(o T = =
N h —hiije. (163)
(%)Dx] = N th
ii) Find the commutator of the following
(2" Px] (164)
Let it be operated over a function y. We have
XD W =x" P — P X" Y (165)
h™o h 0 (166)
on o — . L AN
K™ b 2mi 0x 2 ox v
h oY il h oy h (167)
on oA — &S, n_Tr_ " n_T #£ - n-—1
(%% I = 2mi " Bx 2mic ~0x  2mi v
h (168)
on A o n—1
(27, pe 1§ = =5 —nx""1y
Removing v from both sides, we get
h (169)
SN 8 ] — _ _ an—1
(2%, px 1= —5—=n

The commutation relations between position and linear momentum can mainly be divided into three

categories as discussed below.

(a) When position and momentum are along the same axis:

[£™, P, ] = nihx™1 (170)
- P DALAL
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[ Ay, 2"] = —nihx™? (171)

and
[%,p2] = nihpy ™ (172)
[$%, %] = —nihp}™ (173)

(b) When position and momentum are along different axis:

[.8,] =0 (174)
[%,0,]=0 (175)
[9,6x] =0 (176)
[9,02] =.0 (A77)
[Z,0,] =0 (178)
|2 93]=0 (179)
(b) When positions are along the different axis:
(%3] =0 (180)
12 12hs10 (181)
154l =0 (182)
(b) When positions are along the different axis.:
[P0y 20 (183)
[P, Bzl = 0 (184)
[ﬁy, ,32] =0 (185)

3. Commutators of angular momentum operators:

i) The commutator of orbital angular momentum operators along x and y-axis.

[Ly,Ly] = LyLy —L,L, (186)
Finding the values of iny , we get
R h /@ N[ h [ @ d (187)
baly = [ﬁ(%”@)] i (5~ 52)]
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ok [( d d )( d d )} (188)
~ "2 [V Z(’)y Zox %oz
B h2<6 0 a 0 0 6+ 0 6) (189)
T 4nz\V 57 % 6x Zayzax Yoz 0z Zayxaz
__m( o0z 0* 0 0* 0 (190)
= T an2\Voxaz T %02 7 0%yx VX922 fo)yz
_ 2 0 N 02 , 0° 02 N 92 (191)
h Yox VP92 7 0%yx VX952 Zxayz
Similarly obtaining the value of Eyf,x, we get
i _{h( d 6)] h( 0 6)] (192)
vir = 27 \F o [ 3z [Zm' Y2 Z@y
/! & [< a d )( 0 i} )] (193)
a2\ ox a2\ oz “ay
T oo < T O o gy 1 e 0 Y a 8) (194)
T a2 \* 92792 Zaxzay X927 3z xazzay
| ke ALIGHANR: O T DRt (195)
T a2\ g A 0%xy X Grectcd 0zy xay 0z
_ p 92, 31k a2 = 0° 4,9 (196)
B & 54, ° da2%xy T xzazy Xay
Now putting the values of Exzy and iyzx in equation (183), we get the following.
L, = |-n2 0o, 0 0 0t , 0 (197)
oyl Yox Y92, 2 92yx VX922 Zxayz
B2 02 , 0° 02 N 02 N 0
ST d%xy oz T dzy xay
o o d (198)
= 72 (v— — y—
(L Ly] = —h (yax xay)
Taking negative sign common, we get
I o 9 (199)
2,2 _ Y
(L Ly] = (x dy ax)
. — DALAL
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[Zx,Zy]=ih[ lh( aay %)] (200)
Ly Ly] = L, (201)

ii) The commutator of orbital angular momentum operators along y and z-axis.

[L,.L,|=L,L,—L,L, (202)
Finding the values of iyzz , we get
BN h d d h d d (203)
L= 5 (03 =25 o (5~ 53)|
h? [( ] a ) ( ] Gl >] (204)
=—-— Sx—lxs——y—
41 dx 0z dy 0x
- hz( 0, &0 o Mgp o N, 0 a) (205)
T T mz\P 5 X0y Z %52 0y “Pox Y ax Y827 ox
o 7 S L (206)
T 4n? Zay x axy I d%zy oxz 1Y azx
(info@@datalinstiedte.cqmy? 0282582 (207)
B Zay W axy i atzy D oxn Y ax

Similarly obtaining the value of izzy, we get

ii _[L(xi_ i)”ﬁ(zi_xi)] (208)
22V 2w \Moylrrex/ 12rt\” 0x” T 0z
R [( 0 (3)( 0 E))] (209)
~ Tz [Py TV ox) Pox T oz
h2 ( d o 0 N d a> (210)
xay ax ay oz Yox%ox TV ox 0z
02 92 02 N 0 0x (211)
4n2 ayx - dyz Y2 9x2 yxaxz Yoz ox
92 02 d (212)
" @"‘ ayz IREETZARAE AR >

Now putting the values of Zyiz and EZZy in equation (212), we get the following.
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[Z i ] g2 0 N 02 5 92 0 N 02 (213)
yr=zl = Z(’)y 2 dxy x d2zy 2 oxz TV ax
2 62 62 02
—|—=h2 - y2__ R -
[ h (xzayx x 0yz yzax2+yxaxz+y
R ] ] (214)
R
[Ly' L,]=-h (Z dy 62)
Taking negative sign common, we get
- 0 0 (215)
il =w(y2.0)
[yl =1 (v5;~ 75
~ . _ 0 0 (216)
[Ly, LZ] = ih [—lh (y& - Z@)]
N e T (217)
iif) The commutator of orbital angular momentum operators along z and x-axis.
0 S 218)
Finding the values of L,L, , we get
zz_[h( d G)Hh( 5] 6)] (219)
2 2mi xay Y St 2mi -9z Zay
D [< 0 6)( 0 d )] (220)
T\ 42 xay Yox)\) 3z Z(?y
B h2<6 0 ad o0 d 6+ 0 6) (221)
T xayyaz xayzay x> 3z yaxzay
R d dy N 02 02 , 0° N 92 (222)
= T anz\ "5z dy Xy 0yz Xz dy? Y oxz TV doxy
_ g2 d N 92 02 , 0° N 02 (223)
B X0z T 0yz Xz dy? Y oxz TV oxy
Similarly obtaining the value of L, L,, we get
ZE—[h< 0 O)Hh< 0 0)] (224)
¥z = oni\V oz Zay 2mi xc’)y 0x
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Buy the complete book with TOC navigation, ;
high resolution images and Copyright © Mandeep Dalal INSTITUTE

no watermark.


https://www.dalalinstitute.com/books/a-textbook-of-physical-chemistry-volume-1/

46 A Textbook of Physical Chemistry — Volume |

R [( 0 0 )( 9 0 ) (225)
T Tz |V, dy x dy ox ]
or
h2 ( 6 d d 6 0 a) (226)
Yoz Yox oy oy %oy ox
, 9? 02 0dy o (227)
47'[2 E)zy E)zx 2 ay? ' “ox c')y 2 yx dyx
62 02 N d N K (228)
6zy 6zx ) dy? Pox T oyx

Now putting the values of L,L, and L, L, in equation (218);we get the following.

5= e 0 008 o2 92 92 (229)
Zrd BN yayz ay g e axy

12 97 0% GE z, . 0 ik
Y% azy = 0zx 0y ax Zyayx

b4 W 7] 0 (230)

L VA - W N

[ Ll =20 (x 9201 ax)

Taking negative sign common, we get

R % d 0 (231)

b, IEL=T" ( — —)
s | d a (232)

[LZ, Lx] = ih [—lh (y& — Z@)]

[L, L] =L, (233)

iv) The commutator of total orbital angular momentum squared operator and orbital angular momentum along

one of the three-axis.

[1%,0,] = [E2 + 12+ I2.1,] (234)
=2L0,+1%2L,+12L,— L,I% - L,13— L,I%] (235)
=[(I3aL, - LI3)+ (I3 L, - L,1%3) + (I2L, - L,I2)] (236)
[L%,1,] = [L3,L,] + [L3 L] + [LZ L,] (237)
Now finding [L2 , L,] first, we get
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[2.0,] =121, - L,I2 (238)
=LL,L,—L,L,L, (239)
= [LaLo L, — Luly L] = [LoLale — Lel, L] (240)
= L (L, - L L] - LI - LL L @41)
= L [Lel, — Ly L] + [Lel, — L1y |Ls (242)
= L, [~ihL, | + [~ih, |s (243)
= —ihL,L, — ihLyL, = —ih[L,L, + L, L,] (244)
Similarly,
(220D MO Bpts L L2 (245)
= LA I, L (246)
= (B, L = LyLal,| — [Tl L, = L,
=Ly [Eyzz =L, Ey] i [Ezzy 2LyL, ]Z'y
25 N0 2 Y 2% I P S
= Ey [Lth ] + [Lhzx ]Zy
s ihD)Lat inLyLy = TH(L, Ly $ e, ] (247)
Similarly,
[02,1,] = 2L, — L,I2
=L,L,L,-L,L,L,
[22,L,] =0 (248)

Now putting the value of L3L,, [3 L, and LZL, in equation (237), we get

[L2,1,] = —in[L,Ly, + L,L, ] + in[L,L, + L, L,] + 0

[iZ,ZZ] =0 (249)
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[?,L,] = 0;and [[?,L,] =0

(250)

Hence, the commutation relations of angular momentum operators along two different directions do not

commute with each other and hence cannot give eigenvalues simultaneously and accurately. One the other

hand, total angular momentum squared and angular momentum along one axis do commute with each other.

The commutation relations between angular momentum operators can be mainly divided into four

categories as discussed below.

(a) Orbital angular momentum commutation:

[

~

o~

x,fy] ihL,;
yr EZ] = ihL,;
- Ex] ih y3

L

(b) Spin angular momentum commutation.
[snsypdada

[85,S, | = 1Sy

(5, SA/epins,;

[5%,8;]=.0;
[§2'Sy] =0;
[52,8,] =0;

(c) Total angular momentum commutation:
[/ Jy| = i
Uy 2] = i)y;
[/ Jx] = iy
[/2.)x] = 0;

L322} =

b viih=0
TR
(S5} S )= SR,

[Sa S8 —ihSy
[S..83=0
[5,,8%] =0
[S2,5%] =

Uy.Jx] = =i,
Uz Jy] = =i/,
Ve Jz] = =it
U J?] = 0
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zn]=0 [LJ%]=0 (267)
2] =0 [J.J*]=0 (268)
(d) Total angular momentum commutation:
[L.,5:]=0; [Sx.L,]=0 (263)
[Lx,Sy]=0;  [S), L] =0 (264)
[L..5.]=0; [S,L,]=0 (265)
[Z,.8] =0, [S.L,]=0 (266)
[£,,5,] =@ =S L,] =0 (267)
[Lye X5 OAC [t ] = 0 (268)
15,540,  [Soh] =4 (269)
LSyl =0 [SnL] =0 (270)
[£5.5,} =0\ {3}, 1,] = 0 @71)
4. Commutators of Ladder operators:
i) Find the commutator of the followitig
2.1 (272)
Let
U2 L =20 + iy (273)
=2+ iy) = U + Jy)J? (274)
= 2L + 12Ty — JoJ? = S (275)
= [ = L] + /%]y — /%] (276)
=2 L]+ il )] (277)
=0+i(0)=0 (278)
Hence
[/ Js]=0 (279)
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Similarly
[/2J-]=0 (280)
ii) Find the commutator of the following
Vi Jz] (281)
Let
itz ] =[x + iy )] (282)
= (e +ih))z = J.Ux + i) (283)
= oo + i ] = Tobx = 2y (284)
= olz wdedy ik ), — Uy (285)
=[N — Lkl ), =Ty (286)
=il T (287)
= <ihfy + i(infy) =—l/; — h/y (288)
=Jh(f; +))) = <hjfy (289)
D i (290)
Similarly
VAR AT (291)
iii) Find the commutator of the following
-] (292)
Let
Ui d-1= Ux + 1) Ux — i) = U — ify) Ux + i) (293)
= e = Uy + iyfx + IyJy = Uil + iy = i) + 1yJy) (294)
= b = Udy + Uyle + IJy = T = Undy + Uyfx — Iy Jy (295)
= =il fy + Uyfx — Uy + i Jx (296)
= —i[Jufy = JyJx] + il Jx = Iy ] (297)
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= =il Jy] + il Ji] (298)
= —i[ihf,] + i[~ih],] (299)
= hf, +hf, = 21, (300)

The commutation relations between angular-momentum and Ladder operators can be mainly divided

into three categories as discussed below.

(a) Ladder operator and total angular momentum commutation:
[]"Z’j_‘_] = 0; [i+rj2] =0
2Jj-1=0 [J.J*]=0

(b) Ladder operator and spin angular momentum commutation:
[$2,8:]=0; [$..5% =0
[5%,8_]=0; [S$_5%=
[S:,$,] =-hSy;  [S.5,]=hS,
[5.,8,] =nS_; [5,5_]=-hS_

5.5 =208, [$..5,] = —2nS,
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