CHAPTER 5

Quantum Mechanics — 11

% Schrodinger Wave Equation for a Particle in a Three Dimensional Box

In the first chapter of this book, we derived and discussed the Schrodinger wave equation for a particle
in the one-dimensional box. In this chapter, we will extend that procedure to the particle in a three-dimensional
box. In order to do so, consider a particle trapped in a 3-dimensional box of length, breadth, and height as a, b
and c, respectively. This means that this particle can travel in any direction i.e. along x-, y- and z-axis. The
potential inside the box is 0, while outside to the box it is infinite.
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Figure 1. The particle in a three-dimensional box.

So far we have considered a quantum mechanical system of a particle trapped in a three-dimensional box. Now
suppose that we need to find various physical properties associated with different states of this system. Had it
been a classical system, we would use simple formulas from classical mechanics to determine the value of
different physical properties. However, being a quantum mechanical system, we cannot use those expressions
because they would give irrational results. Therefore, we need to use the postulates of quantum mechanics to
evaluate various physical properties.

Let v be the function that describes all the states of the particle in a three-dimensional box. At this
point we have no information about the exact mathematical expression of y; nevertheless, we know that there
is one operator that does not need the absolute expression of wave function but uses the symbolic form only,
the Hamiltonian operator. The operation of Hamiltonian operator over this symbolic form can be rearranged
to give to construct the Schrodinger wave equation; and we all know that the wave function as well the energy,

both are obtained as this second-order differential equation is solved. Mathematically, we can say that
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Hy =Ey (1)
After putting the value of three-dimensional Hamiltonian in equation (1), we get
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The above-mentioned second order differential equation is the Schrodinger wave equation for a particle
moving along three dimensions. Since the conditions outside and inside the box are different, the equation (5)
must be solved separately for both cases.

1. The solution of Schrodinger wave equation, for outside the box: After putting the value of potential
outside the box in equation.(5).1.e..V.=co, we.get

9%Y 0% ~ 0% " 8n%m (6)
X2 Ky a7 E=hr LY 0

Since E is negligible in comparison to the oo, the above equation becomes
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The physical significance of the equation (9) is that the particle cannot go outside the box, and is always
reflected back when it strikes the boundaries. In other words, as the function describing the existence of
particles is zero outside the box, the particle cannot exist outside the box.

, — DALAL
Buy the complete book with TOC navigation, ;
high resolution images and Copyright © Mandeep Dalal INSTITUTE

no watermark.


https://www.dalalinstitute.com/books/a-textbook-of-physical-chemistry-volume-1/

CHAPTER 5 Quantum Mechanics — I 213

2. The solution of Schrodinger wave equation for inside the box: After putting the value of potential inside
the box in equation (5) i.e. V =0, we get

2y 9%y 9% 8m’m (10)
T it (E—0)p =0
2y %y 9%y s 8n2mE¢ 0 (11)

ox?  0dy? 0z h?

The above equation has three variables and is difficult to solve directly. Therefore, it is better to separate
variable, we already know the steps to solve a one-variable equation. To do so, consider that the wave function
v is the multiplication of three individual functions as

Y(x,y,2) = P(x) X P(y) X P(z) = XYZ (12)

Using the above expression in equation (11); we get

0%2XYZ 0%X¥Z ' "0’XYZ'' 8mimE (13)
& 3y? Ll S XYZv= 0

From the rules of partial derivative, the equation (13) takes the form

ZaZX+XZaZY+XyaZZ+8n2mEXYZ 1, (14)
dx? Ay? dz? h? J
Now divide the above equation by XYZ on both'side i.e.
192X "1.0°YN(1.322 1 “8a°mE (15)
= — - —— & Z0
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K2 = 8n’mE (16)
h2
The equation (15) becomes
10°X 10%Y 10°Z (17)
+k“=0

X 0x? Yoy? Zoz?
Also fragmenting the constant k% along three x-, y- and z-axis i.e. k* = ki + k5 + kZ, the equation (17) can

162X+162Y+1622+k2+k2+k2_0 (18)
X0x2 Ydy? Zoazz XY TF

The above equation can be written as the sum of three equations with only one variable in each i.e.
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D¢ 19
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The equations (19-21) are simple one-dimensional differential equations whose solutions can be obtained just
like in the one-dimensional box. The solution of equation (19) will give the x-dependent wave function as well
the energy distribution along x-axis i.e.

2 n.mx n2h? (22)
Yn, (X)) =X = - Sin = and E, = 8ma?
Similarly, the solution of equation (20) will be
- 1 nsh? (23)
wny(y) = Y= = Sin b and_Ey, = —
Just like the above two, the solution of equation (21) will be
2 nmz n2h? (24)
Y, (2) = 2°= = Sin : and E, = Smi?

After putting the expressions of individual wave functions. from equation (22-24) in equation (12), the total

wave function can be obtained i.e.

(25)
8 | mmx | Nnymy | M,mz
lpnxnynz(x’y’z) = % Sln a Sln b Sln c

Since k? = ki + k3 + kZ, the total energy must be the sum of individual energies i.c.

ne My ns

h? (26)
Enxnynz = ?-I_ b2 + c2 Qo

8m
Where ny, n,, n,, are the discrete variable whose permitted values from boundary conditions can be 0, 1, 2, 3,

4....0. Nevertheless, it is worthy to note that even though the » = 0 is permitted by the boundary conditions,
we still don’t use it in equation (25); which is obviously because it makes the whole function zero.
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